The square-root-of-time rule (SRTR) is popular in assessing multi-period VaR; however, it makes several unrealistic assumptions. We examine and reconcile different stylized factors in returns that contribute to the SRTR scaling distortions. In complementing the use of the variance ratio test, we propose a new intuitive subsampling-based test for the overall validity of the SRTR. The results indicate that serial dependence and heavy-tailedness may severely bias the applicability of SRTR, while jumps or volatility clustering may be less relevant. To mitigate the first-order effect from time dependence, we suggest a simple modified-SRTR for scaling tail risks. By examining 47 markets globally, we find the SRTR to be lenient, in that it generally yields downward-biased 10-day and 30-day VaRs, particularly in Eastern Europe, Central-South America, and the Asia Pacific. Nevertheless, accommodating the dependence correction is a notable improvement over the traditional SRTR.
Introduction
Following several serious financial crises in little more than a decade, including the Asian Financial Crisis of 1997, the Dot-Com Bubble of 2000, and the Global Financial Tsunami of 2008, risk management, particularly in relation to tail risks, has recently increased considerably in importance in numerous subfields of finance. Value at Risk (VaR), defined as a worst case scenario in terms of losses on a typical day, is a popular measure of tail risk management that is not only recommended by banking supervisors (BCBS, 1996a) , but is also widely used throughout the financial industry, including by banks and investment funds, see Pérignon and Smith (2010a,b) . It is even used by nonfinancial corporations in supervising in-house financial risks following the success of the J.P. Morgan RiskMetrics system.
Operationally, tail risk such as VaR is generally assessed using a 1-day horizon, and short-horizon risk measures are converted to longer horizons. A common rule of thumb, borrowed from the time scaling of volatility, is the square-root-of-time rule (hereafter the SRTR), according to which the time-aggregated financial risk is scaled by the square root of the length of the time interval, just as in the Black-Scholes formula where the T-period volatility is given by r ffiffiffi T p . Regulators also advocate the routine use of the SRTR. For example, to avoid duplication of risk measurement systems, financial institutions are allowed to derive their two-week VaR measure by scaling up the daily VaR by SRTR; see, for example, BCBS (1996b) . In fact, horizons of up to a year are not uncommon; many banks link trading volatility measurement to internal capital allocation and risk-adjusted performance measurement schemes, which rely on annual volatility estimates by scaling 1-day volatility by ffiffiffiffiffiffiffiffi ffi 252 p . If the SRTR is to serve as a good approximation of all quantiles and horizons, it not only requires the iid property of zero-mean returns, but also that of the Normality of the returns. These preassumptions are far from being realized in real world financial asset returns, provided the numerous documented stylized facts that are conflict with these properties. Accordingly, numerous studies have attempted to identify how these different effects give rise to bias in SRTR approximation. The first attempt is based on the fact that asset returns may be weakly dependent, both in levels and higher moments. As illustrated in Jorion (2001) , the SRTR tends to understate long-term tail risk when the return follows a persistent pattern, but tends to overstate the tail risk of temporally-aggregated returns if it displays mean-reverting behavior. Similarly, the presence of volatility clustering, as well-documented in the case of most financial assets since Engle (1982) , Bollerslev et al. (1992) , Bollerslev et al. (1994) , under the dynamic setup, has been demonstrated using detailed examples of how the common practice of converting 1-day volatility estimates to h-day estimates by SRTR scaling is inappropriate and yields overestimates of the variability of long-horizon volatility. On this, see Diebold et al. (1997) and Müller et al. (1990) .
Numerous extant studies have demonstrated that asset returns exhibit heavy-tails (Fama, 1965; Jansen and de Vries, 1991; Pagan, 1996) . Although allowing for dynamic dependence in the conditional variance partially contributes to the leptokurtic nature, the GARCH effect alone does not explain the excess kurtosis in financial asset returns. On the one hand, this motivates studies to employ their empirical GARCH modeling with student-t or generalized error distributions to account for heavier tails. On the other hand, researchers have turned to models that generate price discontinuities to resolve the empirical regularity. Researchers have long realized that financial time series exhibit certain unusual and extreme violent movements, known as jumps and modeled using jump diffusions developed by Merton (1976) that create discontinuous sample paths. See Andersen et al. (2002) , Pan (2002) , Eraker et al. (2003) , Becker et al. (2009 ), Câmara (2009 for recent evidence on the prevailing phenomena of jumps in price processes. Nonetheless, how the underlying jumps influence the SRTR approximation of longer-term tail risks remained unclear until the work of Danielsson and Zigrand (2006) . They intuitively and clearly show that SRTR tends to underestimate the time-aggregated VaR and the downward bias deteriorates with the time horizon owing to the existence of negative jumps. However, it remains unseen if in general price jumps are not confined to downside extreme losses only, would the SRTR-induced downward-bias move in the other direction instead or become negligible?
Although we sound different alarms from distinct perspectives by disclosing SRTR scaling as being inappropriate and misleading, with documented upward biases for some effects and downward biases for others, it is unclear after all whether the overall validity of the SRTR is appropriate or not for practical risk implementation given that all these effects coexist in a given asset. However, this paper is not merely concerned with individual effects, such as a weak dependence of returns, volatility scaling, price discontinuities or leptokurticity, as is the case for the literature on the time scaling performance of the SRTR. Instead, we are interested in the interactions among these stylized facts on the scaling of tail risks via the application of the SRTR. To our knowledge, no previous investigation has reconciled the quality of approximation in time-aggregated tail risks using the SRTR under various confounding factors.
This study fills this void by first devising a general framework for disentangling and separately estimating the sensitivity toward each systematic risk factor. To examine the overall performance of the SRTR approximation and characterize the potential bias, we define a bias function using a benchmark VaR based on averaging a set of subsampled non-overlapping temporal aggregated VaRs. Based on Monte Carlo experiments, this investigation demonstrates that dependence at the return level is the dominant bias factor. The SRTR leads to a systematic underestimation (overestimation) of risk when the return follows a persistent (mean-reverting) process, and can do so by a substantial margin. Moreover, the magnitude of downward (upward) bias increases with the time horizon. However, volatility clustering tends to drive the timeaggregated VaR to slightly underestimate its true value. Alternatively, the heavy-tailed nature of the underlying return overstates the time-aggregated VaR via the SRTR. Perhaps surprisingly, unlike the solely unilateral downside jumps specified by Danielsson and Zigrand (2006) that indicate a severe underestimation bias, the Monte Carlo allowing for both sided jumps with Poisson arrival performed in this study suggests that there is a slight overestimation when scaling with the SRTR.
In view of these results, proper tests for a preliminary verification of the applicability of the SRTR in practice are required. This study first recommends a new informal but informative subsampling-based test, complementing the variance ratio test developed by Lo and MacKinlay (1988) , 1 for empirical studies. Moreover, it also contributes to the literature by suggesting a simple modified-SRTR that is robust to the time dependence-induced biases. By utilizing 47 markets included in the MSCI index, including both developed and emerging markets, this study demonstrates that the SRTR underestimates 10-day and 30-day VaRs by an average of approximately 5.7% and 13%, respectively. We also observe that the severity of downward bias is greater for emerging markets in Eastern Europe, Central and South America, and the Asia Pacific. For some developed markets, even when the model assumptions are violated, the SRTR scaling yields results that are correct on average, as shown in the global investigation. This occurs because the underestimation resulting from the dynamic dependence structure is counterbalanced by the overestimation resulting from the excess kurtosis and jumps. Hence SRTR scaling can be appropriate in some cases. Although its widespread use as a tool for approximate horizon conversion is understandable, caution is, however, necessary. We believe that the use of certain pretests as we proposed beforehand is important and may illuminate the applicability of SRTR in the practical approximation of tail risks. Our newly-proposed modified-SRTR approach is shown to be effective in alleviating the bias attributable to the firstorder effect from time dependence and the dependence correction is a notable improvement over the traditional unadjusted raw SRTR. The remainder of this paper is organized as follows. Section 2 formally defines the time-aggregated VaR and SRTR scaling. Section 3 then performs algebraic analysis, in conjunction with Monte Carlo simulations, to disentangle each isolated different stylized effect on the SRTR. This section also briefly reviews the variance ratio test devised by Lo and MacKinlay (1988) . Section 4 introduces the suggested variance ratio test and a newly-developed subsamplebased test for pretesting the applicability of the SRTR. More importantly, we introduce a new tail risk scaling rule-the Modified-SRTR. Section 5 subsequently summarizes the global empirical study based on data from 47 developed and emerging markets included in the MSCI index. Finally, Section 6 presents the conclusions.
Time-aggregated value at risk
The 1-day VaR, defined as VaR (1), measures the maximum possible loss over one trading day under a given confidence level 100 Â (1 À c). Supposing that the initial investment of the asset is$1 and R is the random rate of return, then, the asset value at the end of this trading day is v = 1 + R. Then, the one-day VaR, VaR (1), under 100 Â (1 À c) confidence level is defined as
1 Finding that using SRTR to estimate Sharpe Ratios causes bias when returns exhibit serial dependence, Lo (2002) suggests using the variance ratio test as a pretest.
Other related works include Huang (1985) and Ayadi and Pyun (1994) , among many others.
Following the concern of 718 (Lxxvi) in the Basel II Accord, we denote the confidence level as 99% in this paper. The VaR (1) of an asset can simply be estimated through the quantile function of the historical returns. Supposing that a sequence of T daily log prices of an asset fp t g T t¼0 is available, then its daily returns are fr t g T t¼1 , where r t = p t À p tÀ1 . By letting q(Á) denote the quantile function, given P(r t 6 q(0.01)) = 0.01, the value of VaR (1) is defined as q(0.01). However, in practice, it is usually hard to estimate the regulatory h-day VaR, VaR (h), since the time horizon needed for the VaR (h) is quite long, especially when h is large. For example, if we want to obtain the VaR (10) of an asset, 10 years of stock data may generate only 250 observations of 10-day returns (250 trading days per year). Therefore, the Basel Committee on Banking Supervision suggests that banks scale VaR (1) The purpose of this paper is to investigate the validity of the SRTR in time-aggregated VaR. Before proceeding with our algebraic analysis, we need a true VaR (h) as a benchmark for the comparison. In practice it is usually difficult if not possible to estimate the regulatory benchmark VaR. In this study, we recommend finding the benchmark h-period VaR, VaR (h), through a subsampling scheme on the return series, and then use it for further characterization of the biases in our Monte Carlo experiments as well as in empirical studies. This quantity is also employed to develop an informative pretest for examining the overall applicability of the SRTR in reality in a later section.
Before considering VaR (h), we need to generate the daily prices where the sample size may not be too short and construct an h-day return series from the original data. By leaving the first h prices as seeds, one may begin by subsampling the price series with a fixed length of h days with one of the seeds as the starting points. In this regard, we confront a total of h À 1 different subsamples of h-horizon return series and the kth subsample time-aggregated return from a non-overlapping interval, denoted by fR 
Supposing the SRTR is correct, the scaled ffiffiffi h p VaR (1) shall be equal to VaR (h). To examine whether the SRTR is tenable to serve as a good approximation for the multi-horizon VaR, given our subsampled and averaged benchmark VaR (h), we define a bias function f(h) to measure the approximation error of the SRTR in scaling tail risks by,
If f(h) is positive (negative), using SRTR produces an overestimated (underestimated) time-aggregated VaR. In the next section, we construct the Monte Carlo explorations for different non-I.I.D. returns features to investigate the influences of serial dependence, heavytailed distributions, jumps, and volatility clustering on the timeaggregated VaR, respectively.
Characterizing biases: algebraic analysis with Monte Carlos
Different biases arise from different data generating processes, except for the pre-assumed I.I.D. Gaussian case with zero mean. To accommodate a wide spectrum of stylized facts documented in the literature, we consider a fairly general data generation process (DGP) for daily return r t that follows a non-zero mean ARMA (1, 1)-GARCH (1, 1) model with Poisson jumps as
where t = 1,2,. . ., T and J t is a compound Poisson process with jump size distributed as Nð0; r 2 j Þ and constant jump intensity k. We allow GARCH (1, 1) to govern the evolution of the conditional variance of a t over time. { t } is a sequence of I.I.D. N (0, 1), a 0 > 0, a 1 P 0, b 1 P 0, and a 1 + b 1 < 1. Assuming there are 250 trading days per year, we let
simply to control the annualized volatility to be roughly about 15%. Through the Monte Carlo simulation, a sequence of 5000 daily returns, r 1 , r 2 , . . . , r 5000 , is constructed, which amounts to a sampling period of about 20 years. Then we subsample (h À 1) sequences of h-day temporal aggregated returns from the above daily returns. The VaR (1) of the daily returns is defined as the 1%-quantile for this simulation. The time-aggregated VaR (h), h = 10 or 30, is computed through the average of the subsampled quantities. With 2000 replications, we denote the true VaR (1) and VaR (h) as the means of the 1-day and h-day VaRs, respectively. We examine the following specific DGPs by restricting certain parameters to isolate the different effects that might have an impact on the time-aggregated VaR. We will come back and reconcile all these impacts on the SRTR scaling of a tail risk later.
Non-zero mean
As the validity of SRTR scaling for quantiles hinges on a series of assumptions, this subsection presents the bias arising from the primary factor of a non-zero mean for the underlying return. By letting / 1 = h 1 = a 1 = b 1 = 0, r t = r and assume a zero jump (r j = 0), a non-zero mean model is
where a t = r t . Assuming Normality for simplicity, the daily VaR (1) is
where U
À1
(Á) is the inverse normal cumulative distribution function. Straightforwardly, we can find the VaR under a longer holding period h to be
Therefore, the bias indicator f is
We let l = 0.08%, 0.04%, 0.02%, À0.02%, À0.04%, and À0.08%, which imply that the means of their annualized returns are 20%, 10%, 5%, (10) or VaR (30) due to the effect of a negative (positive) l. However, as the readers will see in the following subsection, we show that this non-zero-mean-induced bias is slight and only of second-order importance in the presence of serial dependence.
Series dependence
By fixing l = a 1 = b 1 = 0, r t = r, and assuming a zero jump (r j = 0), a weakly stationary ARMA (1, 1) model for r t is
where a t = r t .
The k-order autocorrelation of r t is
where the variance of r t is
Then the variance of R k s ðhÞ is written as
Therefore, based on the above result it is straightforward to show
where U À1 (Á) is the quantile function from the standard Normal distribution. Then we can find the bias f through (3), (12)- (14), i.e.,
We let h 1 = 0 for the AR (1) models and consider / 1 = 0.7, 0.5, 0.2, À0.2, À0.5, À0.7. The MA (1) models, / 1 = 0 and h 1 = 0.7, 0.5, 0.2, À0.2, À0.5, À0.7 are also examined. The results in panel B and panel C of Table 1 show that the SRTR yields severe overestimation (in the case of negative serial correlation) or severe underestimation results (in the case of positive serial correlation) for VaR (10) 
Nevertheless, without the Normal assumption, not only the variance, but also the tail behavior before/after temporal aggregation, may affect f(h). While the work of Dacorogna et al. (2001) has demonstrated that, except for the boundary case of Normality, any other heavytailed distribution under a stable law leads the SRTR to underestimate the VaR, to our knowledge, there is no general theoretical model that can provide a good interpretation of the relationship between the time-aggregated VaR and tail behavior. In particular, the question is a little involved from the distributional perspective since there are some heavy-tailed distributions that may not be closed under temporal aggregation, even if they are iid generated. For instance, a student-t with 2 degrees of freedom would scale like the SRTR in the tails; however, the fat-tail may no longer exist after aggregation and thus this case gives rise to another source of SRTR approximation error beyond the discussions in the literature. In addition, while the leptokurticity of the observed returns may be attributable to its underlying distributional property, it can also be the consequence of a higher moment dependence such as volatility clustering, as well as some occasional price discontinuities or jumps. We will therefore investigate these issues through the numerical analysis of three popular economic phenomena that have contributed to the excess kurtosis in the stylized facts: volatility clustering, heavy-tailed distributions and price jumps.
Volatility clustering
By letting l = / 1 = h 1 = 0 and assuming no jump, we consider the following GARCH (1, 1) model
ð17Þ Drost and Nijman (1993) derive the temporal aggregation of the GARCH processes and show, under regularity conditions, that the corresponding sample path of R t (h) follows a similar GARCH (1, 1) process with different parameters. The results have been suggested to convert short-run volatility into long-run volatility in Christoffersen and and Diebold et al. (1998) . They do, however, point out that using SRTR is inappropriate and produces overestimates of the variability of long-horizon volatility. While these works highlight the dangers of SRTR in the scaling of time-varying volatilities into longer horizons, we take a different route. We conduct a series of Monte Carlo experiments to explore the robustness of the SRTR in scaling VaR in the presence of GARCH effects in the underlying return series.
We entertain pairs of (a 1 , b 1 ) with a 1 + b 1 % 95 or 97 for the GARCH (1, 1) models. Panel D of Table 1 shows that the SRTR tends to yield only a slightly underestimated VaR (10) or VaR (30) in the presence of volatility clustering in terms of the negative fs ranging from À1.43% to À2.93%. These downward biases are intuitively reasonable for overlooking the time-varying risks.
Heavy-tailed distribution
To demonstrate the effect of different distributional considerations from the literature, we let the return process be
where {x t } is a sequence of independent and identical student-t distributions with m degrees of freedom. On the variance of the aggregated entity, since {x t } is independent, var [R t (h)] is equal to var [r t ] multiplied by h. Nevertheless, it is intuitive that if we add h daily returns to a h-day return, the long-tailedness appearing in the daily return shortens as h increases. To see this, Fig. 3 shows the probability density functions of daily and 10-day returns with m = 5 and it is rather obvious that the tail part has been diluted after aggregation.
By setting m = 3, 5, 7, and 9 to obtain different heavy-tailed return distributions from (18), we find that an overestimated aggregated VaR based on the SRTR is due to the heavier tail in the daily return distribution. To probe further into what may have gone wrong with the SRTR scaling approximation, we report both the variance and kurtosis of the daily, 10-day and 30-day returns under different DGPs in Table 2 . By cross inspecting across the Panel E in Table 1 and panel D in Table 2 , it is readily seen that the upward bias comes solely from the decrease in kurtosis, and not from the scaling of volatility, since var[R (30) by about 5-11% with different m for failing to take into account the change in tail behavior among the original high frequency returns and the temporally-aggregated ones in panel E of Table 1 .
Jumps
While fat-tailed distributions may be more suited for daily internal risk management, they may not be suited for the modeling of uncommon and unexpected systemic events. We consider a general jump diffusion process 4 by letting l = / 0 = / 1 = h 1 = a 1 = b 1 = 0 and r t = r to isolate the effect from jumps
where J t is a compound Poisson process with constant jump intensity k and random jump size distributed as Nð0; r 2 j Þ. The aggregated variance of r t can be written as
We let k = 0.058, 0.082 and r j = 2%, 3% to allow for a variety of combinations of jump intensities and sizes. 5 by cross inspecting across the Panel F in Table 1 and panel E in Table 2 , readers may find the results are similar to previous heavy-tailed cases: the problem with the SRTR in jump models is not due to their variance scaling but to their changing tail behavior. It is intuitive that a return distribution with jumps has heavier tails. Furthermore, summing over h daily returns smoothes out the infrequent jump effects. Thus, the SRTR provides an overestimated aggregated VaR. We also find var[R Table 1 indicate that jumps indeed let the SRTR produce an overestimated time-aggregated VaR. Nevertheless, under reasonable k and r j settings, we also find that the size of the systematic overestimation bias from the SRTR only has a slight impact, as they are less than 1.6% in approximating VaR (10) and less than 2.3% in approximating VaR (30). Our result is largely different from that of Danielsson and Zigrand (2006) who allow for downside jumps only in their setup and it is reasonable to document downward bias in their case. Instead, we not only find upward bias via the SRTR scaling in the presence of Poisson jumps, but, we document that the biases may not be that much even after we consider some sizable jump intensities and jump sizes.
A summary
The preceding analysis yields the following findings. First, the weak dependence in returns dominates among all the confounding factors considered in this study when the SRTR is used to estimate VaR (h). Positive serial dependence leads to a severe underestimation in the SRTR's approximation of VaR (h), while severe overestimation occurs in the case of negative serial dependence. Given these results, this study proposes using the variance ratio test, typically employed to test for market efficiency, to examine the synthetic underlying serial dependence in empirical studies as a pretest of the applicability of VaR scaling using the SRTR.
Second, using the SRTR may produce an overestimate or underestimate of VaR (h) because of the changes in tails. In cases of overestimates of the student-t distribution and jumps, the heavy-tailed nature is smoothed out by aggregating daily returns. However, volatility clustering may lead to the SRTR resulting in a slight downward bias owing to neglecting the time-varying nature. To summarize, this study carefully uses the SRTR to estimate the time-aggregated VaR, when the real data exhibits serial dependence, volatility clustering, a heavy-tailed distribution, or jumps.
leads to systematic underestimation of risks, and their setup allows for downside jumps that represent losses only. However, there is no a priori theoretical reason to restrict, let alone expect, the prices to jump down only and therefore we entertain our jump component to jump symmetrically and our parameters to be in line with the jump diffusion literature.
5 Andersen et al. (2002) show that the jump intensity is about 0.014, that is, 14
times every thousand trading days on average, for the daily S&P 500 cash index. They also estimate the jump size parameter r j to be at 1.5%. In the simulation conducted by Huang and Tauchen (2005), their r j varies from 0 to 2.5%. Fig. 3 . Probability densities of 1-day and 10-day returns. We generate the daily returns which follow model (18) with m = 5. Then, we depict the probability densities of standardized 1-day and 10-day returns. Table 2 Variance and kurtosis of returns. We generate r t from the DGPs as (18) and (19). Thus R t (10) can be calculated by r t . To characterize the potential biases attributable to the scaling of variance or aggregation bias due to changing tail behavior, for each DGP we report the corresponding variance and kurtosis of r t , R t (10), and R t (30). 
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Pretesting SRTR applicability and a modified-SRTR
Variance ratio test
From the viewpoint of empirical exploration, Lo and MacKinlay (1988) propose a statistic to test the hypothesis of a random walk. The general h-period variance ratio statistic VR (h) is denoted as
where q k is the kth order autocorrelation coefficient of {r t }. When VR (h) = 1, this means that {r t } follows the random walk hypothesis; when VR (R) -1, {r t } exhibits serial dependence. Moreover, we regard VR (h) as an indicator which measures the synthetical effects on different degrees of serial dependence. If VR (h) is significantly larger (smaller) than one, we say this series is characterized by a synthetically positive (negative) serial dependence of {r t }. It is intuitive that the positive (negative) serial dependence causes the SRTR to be underestimated (overestimated). Lo and MacKinlay (1988) define the following statistic to estimate the VR (h) of Eq. (21),
whereq k denotes the autocorrelation coefficient estimators. Under the random walk hypothesis, VRðhÞ still approaches one. For the standard inferences, it is necessary to compute its asymptotic variance. First denote a heteroskedasticity-consistent estimator of the asymptotic variance of q k ,
wherel 1 T P T k¼1 r k . Then, the following is a heteroskedasticity-consistent estimator of the asymptotic variance of VRðhÞ,
Regardless of the presence of general heteroskedasticity, the standardized statistic w*(h) can be used to test the hypothesis of a random walk, i.e.,
where $ a denotes for ''asymptotically distributed as".
A new subsample-based test for overall SRTR applicability
While the variance ratio test is in spirit in line with the SRTR, it offers only a partial picture since it is informative in detecting only specifically the dependence structure of the return series. As the dependence structure is of first-order importance, this paper offers a new and simply complementary approach to test the overall validity of applying the SRTR to scale VaR to a specific asset by utilizing the subsamples we used to construct our benchmark VaR (h). Since the way fVaR k ðhÞg hÀ1 k¼1 is constructed is based on fR , the h-period return from the non-overlapping subsampling of the original prices, the subsampled fVaR k ðhÞg hÀ1 k¼1 is employed to compute the benchmark VaR (h) by taking the subsample average.
Before we arrive at a formal test for the SRTR's validity, a properly computed standard error of the bias term, ffiffiffi h p VaRð1Þ À VaRðhÞ, is needed. Nonetheless, the well-documented time dependence may carry over to the time-aggregated returns and thus the simple variance estimator as defined by
may not be sufficient to accommodate the generality of the return process. Moreover, the R 0 (h) defined above is also subject to the small sample bias since h is commonly limited to 10 or 30.
To accommodate both of these concerns, we choose to rely on the block bootstrapped samples to produce a reliable standard error for a formal test. This is done by taking into account the potential time dependence by retaining the dynamic structure of the underlying returns by randomly drawing subsamples using blocks of consecutive returns, thereby alleviating the small sample bias problem and improving the testing performance. The implementation procedure is as follows.
We choose a block length of 10 and these blocks could be overlapping. Specifically, the data are divided into T À 9 blocks, with the first block being {r 1 , r 2 , . . . , r 10 }, the second block being {r 2 , r 3 , . . . , r 11 }, . . . , . . . , and the last block being {r TÀ9 , r TÀ8 , . . . , r T }. We then randomly resample T/10 blocks to construct a new bootstrapped sample of T days of returns. For each bootstrapped resample, we calculate and save the values of VaR (1) 
This statistic serves as our benchmark pretest for the overall validity of the SRTR in our subsequent analysis, after considering different confounding dynamic and distributional properties that prevail in real asset returns.
Scaling tail risk with a new modified-SRTR
As we have shown, the dynamic serial dependence in the return process, among the other stylized features, serves as the first-order effect that biases the validity of the SRTR in scaling quantiles. In view of this, the subsection moves one step further to propose a simple and robust correction to the existing SRTR. It is a well-accepted fact that a variance ratio greater than 1 suggests the existence of a positive dependence in the underlying return series, and the opposite situation holds true for the case of a VR (h) of less than 1. This simple correction thus mainly makes use of the estimated variance ratio as indicated in Eq. (22) to adjust the raw SRTR by taking the time dependence structure into consideration. 7 Accordingly, we formally define an estimator which estimates VaR (h) through this robust rule as
We thus refer to it as the modified-SRTR (MVaR). Note that if a time series is serially uncorrelated, the variance ratio is 1 and therefore MVaR (h) will simply reduce to ffiffiffi h p VaR (1), which is essentially 6 The Central Limit Theorem holds for weakly dependent data as long it is appropriately standardized by a standard error that accounts for the underlying dependence. 7 We thank the anonymous referee for pointing this suggestion out to us. the case for the typical raw SRTR. However, it should be noted that the new scaling rule corrects for serial dependence only and thus there remain other potential bias factors that might distort the scaling of multi-horizon tail risks.
Empirical evidence
Data
To examine whether the SRTR is an appropriate method for obtaining the time-aggregated VaR, this study employs daily stock market index returns from 47 markets listed in the Morgan Stanley Capital International (MSCI) index from Datastream, which includes most developed and emerging markets. The sample period ranges from January 2, 1997 to December 31, 2009 (3391 trading days). The markets are divided into six regions, Africa, Europe, Eastern Europe, Central and South America, North America, and the Asia Pacific. For each market, VaR (1) is obtained from the 1%-quantile of daily returns and the corresponding VaR (10) and VaR (30) are calculated by (2). This study also reports the computed biases from (3). Because the degree of series dependence dominates in the SRTR approximation, we also examine its existence via the variance ratio tests for each market. Furthermore, this study applies the newly-proposed test statistic in (26) to test whether the overall SRTR induced biases are significantly overestimated or underestimated. The test statistics that are statistically significant at confidence levels of 99%, 95% and 90% are marked with ***,** and *, respectively in Table 3 . (10) and VaR (30) are 15.32% and 29.05%, respectively. In presenting this table in visual form, f(10) denotes the approximation bias obtained using the SRTR to estimate VaR (10), which generally yields downward bias of about 5.7%. Usually, severe downward biases are associated with positive serial dependence, as indicated by a positive and significant w* statistic. Meanwhile, the bias grows rapidly with an increasing horizon. For instance, when the time horizon is increased to 30 days, the averaged understated bias grows to 13%. Fig. 4 illustrates the results of Table 3 graphically, and sketches the scatter plot of the benchmarks VaR (10) and VaR (30) with their corresponding biases, f(10) and f(30), in percentage terms for each market. Except for Japan and Korea for the 10-day horizon, the upward biases f are generally below 10%, and are insignificant among the other nine markets experiencing SRTR overestimation. However, the markets experiencing SRTR underestimation of over 10% include 13 markets for VaR (10) and 26 markets for VaR (30).
Main findings
To be specific, according to the subsample-based test statistic presented in (26), while the SRTR-scaled 10-day VaR significantly underestimates the benchmark VaR (10) in 10 markets, usually due to persistent returns, two markets (namely, Japan and Korea) experience significant SRTR overestimation that may be attributable to their different mean-reverting behavior in terms of return dependence. When considering a 30-day horizon, 18 markets are significantly underestimated, and none are significantly overestimated. As a whole, the above preliminary results suggest that SRTR is a lenient rule for scaling longer-term tail risks, corresponding to a situation of insufficient prudence and financial institutions facing a combination of extreme risk and inadequate capital requirements.
Most notably, the results differ among the six geographical areas surveyed. Interestingly, North America displays the lowest average tail risks. Meanwhile, while Eastern Europe and Central and South America have larger VaRs than the other areas, their average bias is roughly double that of the other areas. Although the average SRTR bias, f(10), in the Asia Pacific is just À4.8%, removing the overestimated outliers of Japan and Korea turns the average f(10) in the Asia Pacific into À8.22%, equaling Eastern Europe and Central and South America. Within the Asia Pacific, there are five markets, namely, Malaysia, New Zealand, Pakistan, Singapore, and Thailand, with the VaRs being underestimated by over 15%. 
Table 4
Global Evidence of Modified-SRTR Scaling. We recompute the time-aggregated VaR (10 days and 30 days) using the newly-proposed modified-SRTR scaling rule, MVaR (h), for the 47 countries regions and the overall bias f, along with its significance based on the block-bootstrapped standard error, and the statistic of variance ratio test, w*.
MVaR (h)
VaR ( It is evident that calculating VaR over a short horizon, followed by SRTR scaling to convert to longer-term tail risks, is likely to be inappropriate and misleading, particularly for markets in Eastern Europe, Central and South America, or the Asia Pacific. Caution is necessary in applying the SRTR. This investigation offers a new approach to verifying and recommending the practical applicability of the SRTR, considering the potential presence of a mixture of confounding dynamic dependence, distributional properties and jumps. This study proposes performing the simple subsamplebased test described here, to complement to a typical variance ratio test in verifying the existence of a synthetic bias based on the interaction of these underlying effects. The variance ratio test, w*(h), helps identify the first-order effect causing the bias, i.e., it justifies the existing serial dependence. Restated, a positive (negative) w*(h) indicates positive (negative) series dependence. To illustrate the practical usefulness of the new procedures, this study first considers the 10-day case.
Eleven markets had significantly positive w*(10) and four had significantly negative w*(10). By focusing on the markets exhibiting persistent returns (a positive w*(10)), their average f(10) was À13.59% which is over twice the average for all markets. However, the average f(10) was 7.39% among the four mean-reverting markets (a negative w*(10)). For the 30-day case, 15 markets exhibited significantly positive w*(30), and their average f(10) was À18.7%.
Therefore, the empirical results reveal that positive serial dependence indeed causes the SRTR to severely understate the timeaggregated VaR.
As discussed in Section 3.3, volatility clustering and jump components both only slightly distort the approximation performance of SRTR. Nonetheless, a heavy-tail exerts a greater influence than the above two factors. The average kurtosis of 1-day, 10-day, and 30-day returns for all markets are 13.98, 6.80, and 5.44, respectively. Fig. 5 shows the scatter plots of the kurtosis of daily returns against the corresponding kurtosis of 10-day and 30-day returns and indicates that almost all kurt[r t ] are larger than the corresponding kurt[R k t ðhÞ]. Tail heaviness is decreasing through temporal aggregating daily returns into 10-day or 30-day returns. As argued previously, VaR (10) or VaR (30) is overestimated owing to the smoothing of the heavy-tails.
New findings after serial dependence correction
To illustrate the practical usefulness of the new procedures, the main results after implementing the modified-SRTR are summarized in Table 4 . By comparing the robust modified-SRTR with the traditional raw SRTR, the cross-sectional average of the overall bias, f(10), from the 47 market indices improved from À5.7% to À3.48% and that for the longer horizon, f(30), improved from À13% to À5.64%. Therefore, this robust scaling rule via MVaR induces less bias when estimating the multi-period VaR. In particular, more evident results indicating the robustness of MVaR could be found in Table 4 . When estimating the 10-day VaR using the SRTR, there are 10 markets that are significantly biased; however, using the modified-SRTR, only five markets remain significantly biased. Similar results are found in the cases for the 30-day VaR. The number of significant biased markets is reduced from 12 to 5. In other words, most strong upward or downward biases disclosed as significant in Table 3 are largely due to the failure to accommodate the serial time dependence of return in the VaR scaling using the raw SRTR. Once such dependence is properly adjusted, the bias from the first-order effect is largely mitigated.
If there remains any significant bias after adjusting for the time dependence using the new MVaR, it might be contributed by other bias factors apart from the time dependence. For instance, if the remaining bias is negative, this may suggest the existence of a strong GARCH effect, a non-negligible negative mean or a combination of both. Similarly, a significant upward bias may be attributable to the strong inherent infrequent jump components or heavy-tail phenomenon. Fig. 6 characterizes the overall bias for 10-day and 30-day VaR computed from the newly-proposed modified-SRTR, MVaR, across all markets in the sample. Interestingly, the dependence correction that makes a notable improvement over the traditional unadjusted raw SRTR is visually evident in Fig. 6 . Obviously the scatters of the biases are now more centered around zero with bias magnitudes much smaller than that presented in Fig. 4 .
Conclusions
Scaling with the SRTR is simple and has been widely employed in practice, and, even in some instances is required by regulation, as a tool for approximating longer horizon tail risks in the financial industry. The ugly facts based on the real world asset returns make the optimistic pre-assumptions on which SRTR scaling is built far from credible, and thus the performance of SRTR scaling is doubtful. This study examines and reconciles different potential bias factors in financial return series from the literature to clarify how biased the SRTR may be by considering alternative return characteristics: including serial dependence, volatility clustering, heavytails, and jumps. By complementing the variance ratio test, this study proposes a new test that is both intuitive and simple of the overall validity of the SRTR based on subsampling.
This study finds that serial dependence severely biases the applicability of SRTR, and that the heavy-tail results in an upwards bias for the SRTR; By contrast, a non-zero mean in the daily level gives rise to only mild bias, so that the effect of overlooking jumps or volatility clustering is less relevant in scaling time-aggregated VaR. The empirical evidence presented in this study, covering 47 developed and emerging markets included in the MSCI index, shows that the raw SRTR is a lenient rule, which on average underestimates 10-day and 30-day VaR. This implies that financial institutions using SRTR will be insufficiently prudent and will fail to resolve their inadequate capital requirements.
On the one hand, for some developed markets, even when the pre-assumptions are violated, the SRTR scaling yields results that are generally correct, as is shown in the global investigation. This situation occurs because the underestimation arising from the dynamic dependence structure is counterbalanced by the overestimation arising from the excess kurtosis and jumps. Hence the SRTR scaling may serve in its place in assessing the multi-period VaR. On the other hand, the SRTR scaling of tail risk is likely to be very inappropriate and misleading, particularly for markets in Eastern Europe, Central and South America, and the Asia Pacific. Although its widespread use as a tool for approximating horizon conversion is understandable, caution is necessary.
As we have shown that the dynamic serial dependence serves as the first-order effect that biases the validity of the SRTR among the other stylized features, the present paper fills this void by developing a simple and robust scaling rule utilizing the estimated variance ratio, the modified-SRTR (MVaR (h)), for estimating and scaling the multi-horizon tail risks. Interestingly, it turns out that the dependence correction is a notable improvement over the traditional unadjusted raw SRTR. This study concludes that the use of certain pretests, as proposed above, is an important step and may illuminate the applicability of the original SRTR in practical tail risk approximation. Given the demonstrated performance and their empirical simplicity, the newly-proposed test as well as the modified-SRTR approach are likely to appeal to researchers and practitioners alike when estimating longer horizon VaRs.
